Introduction
The notions of the partial Malliavin calculus were first introduced by Kusuoka and Stroock for the constant case (i.e. projections are taken on a fixed Hilbert subspace) and applied by them to prove regularity results in non-linear filtering theory. The theory of the partial Malliavin calculus has been developed in a different framework by Ikeda, Shigekawa and Taniguchi [4] , in order to complete in detail the proof of some results of Malliavin (cf. [8] ) on the long time asymptotics of stochastic oscillatory integrals.
The purpose of this paper is two fold, the first is to present an exposition of the approach of Ikeda, Shigekawa and Taniguchi [4] including some extensions and generalizations and the second is to derive conditions for the existence and smoothness of a conditional density under conditions which are more general than those considered previously.
In [3] . Conditions assuring the smoothness of the conditional density are discussed in section 5 (theorem 5.7), these results are based on the approach of [4] and [5] . The paper is concluded with an example related to the conditional law in the nonlinear filtering problem illustrating the direct applicability of the results of the earlier sections to this problem. This result states, very roughly, that for the one-dimensional nonlinear filtering and smoothing problem the existence of a nonconditional density implies the existence of a conditional density. It is also pointed out that the previously known results of Bismut and Michel [2] and of Kusuoka and Stroock [6] follow from the general approach presented here.
The rest of this section is devoted to establishing notation and to summarizing some basic results related to the Malliavin calculus. For a more detailed exposition of this subject c.f., e.g., Watanabe [11] , Ikeda-Watanabe [5] or Zakai [12] . Let I~ be a real separable Hilbert space. Suppose that W = { w (h ) , h EH } is a Gaussian process with zero mean and covariance function given by E (w (h )w {g' )~ = h g > , defined in some probability space ). Here We also define the operator L by
hj ,hk > vi . . (2.3) provided that the right hand side is square integrable. The proof is a direct consequence of the same result without 9f (see [10] (1 ) It follows from property (2) 
provided that the components of F = In this section we derive two results regarding the existence of conditional densities. These results hold under relatively weak assumptions on the Malliavin derivatives but are restricted in other directions. For the first result the conditioning a-field is restricted to be finitely smoothly generated. For the second result the last restriction is dropped, however it is assumed that the random variable for which the conditional density is obtained is one-dimensional (and not a finite dimensional vector as in the previous case). Both results are motivated by the work of Bouleau-Hirsch [3] . In the next section we consider stronger assumptions on the partial Malliavin matrix, without the restriction described above. Also, conditions for the smoothness of the density will be considered in the next section.
In this and the following section we assume that H is a real separable Hilbert space and W = { w (h ) , h E H } is a Gaussian process defined as in section 1 
5.
Another condition for the existence of a conditional density and a condition for its smoothness.
In this section we consider first the existence of a conditional density under conditions which are different from those of the previous section. After this we consider conditions for smoothness of the density. Our approach will follow that of Watanabe (cf. [11] ) and we will construct the conditional expectation of some generalized functionals obtained by pull-back.
Recall that the 03C3-algebra G is assumed to be smoothly countably generated by { Gi , , i > 1 }, , and ~f = { K (w) , ~E Hence,
where ~yH is as defined above in the statement of the theorem. Then, Taking countable and dense subsets of S(Rm) and we may assume that the above inequality holds for all j) and R , a.s., and this concludes the proof. is well defined. A theorem of this type (including smoothness and integrability properties of the density as a function of (t ,x )) has been proved using Malliavin calculus by Bismut-Michel [2] and Kusuoka-Stroock [6] . A rough sketch of the proof in the context of the results of the paper would be as follows. The first step in proving Theorem 
